It is suggested that proton elastic scattering on atomic electrons allows a precise measurement of the proton charge radius. Very small values of transferred momenta (up to four order of magnitude smaller than the ones presently available) can be reached with high probability.
servables for proton electron elastic scattering, in a relativistic approach assuming the Born approximation, was derived. The relations connecting kinematical variables in direct and inverse kinematics were given. In particular, it was shown that large polarization effects appear at beam energies around 15 GeV. Moreover the transferred momenta are very small even when the proton energy is in the GeV range. In this work we focus on the second issue and apply to the problem of a precise and consistent determination of the proton radius. The kinematics of proton-electron scattering is extremely peculiar and interesting in this respect.
In the elastic interaction between a proton and an electron, assuming that the interaction occurs through the exchange of a virtual photon of four momentum k = (ω, k), the observables can be expressed as functions of two form factors, electric G E , and magnetic G M , which are functions of Q 2 = −k 2 only. The electric form factor, G E (Q 2 ) in the non relativistic limit is related to the charge distribution through a Fourier transform. For small values of Q 2 one can develop G E (Q 2 ) in a Taylor series expansion:
where one takes into account the fact that the density (being the square of the wave function) is an even function of the spatial distance r, whereas the scalar product k r is an odd function. The root mean squared radius is the derivative of the form factor at
The value itself of G E (Q 2 = 0) is given by the normalization to the proton charge.
Form factors are derived from unpolarized ep scattering through the Rosenbluth separation: measurements at fixed Q 2 for different angles allow to extract the electric and magnetic form factors. The polarization method [12] has been recently applied [13] providing very precise measurements of the ratio G E /G M up to large values of Q 2 ≃ 9 GeV 2 . The larger precision comes to the fact that in this case one measures a polarization ratio, in which radiative corrections (at first order) cancel and the systematics effect related to the beam polarization and to polarimetry are essentially reduced.
Radiative corrections and Coulomb corrections have to be applied to ep scattering experiments in particular for unpolarized measurements. Besides the problems related to the fact that there is no model independent way to calculate those radiative corrections which depend on the hadron structure, and that correlations exist in extracting form factors from the Rosenbluth fit [14] , one has to face the extrapolation of the data to Q 2 = 0 as discussed in Ref. [3] . The smallest value of Q 2 reached in that experiment was 0.004 GeV 2 . The possibility to access much smaller values of Q 2 is offered by the elastic reaction induced by a proton beam on an electron target. Let us consider the reaction
where particle momenta are indicated in parentheses, and
The expression of the differential cross section for unpolarized proton-electron scattering, in the coordinate system where the electron is at rest, can be written as:
where τ = Q 2 /4M 2 and G E,M are the Sachs electric and magnetic form factors, m is the electron mass, p is the momentum of the proton beam.
Similarly to ep scattering, the differential cross section diverges as (Q 2 ) 2 when Q 2 → 0. This is a well known result, which is a consequence of the one photon exchange mechanism and allows to reach very large cross sections. The expression (5) differs from the Rosenbluth formula [15] , as additional terms depending on the electron mass can not be neglected. The electric contribution to the cross section dominates, being in all the allowed Q 2 range ∼ 10 7 times larger than the magnetic one. Let us consider the case when E p = 100 MeV. The proton energy is under the pion threshold for pp reactions, which helps in reducing the hadronic background.
The properties of the inverse kinematics has been discussed in Ref. [5] . It has been shown that for a given energy of the proton beam, the maximum value of the four-momentum transfer squared is:
[GeV] where M is the proton mass and E is the proton beam energy. Being proportional to the electron mass squared, the four momentum transfer squared is restricted to very small values. In Fig. 1 we report Q 2 max as a function of the proton kinetic energy, in the MeV range. One can see that the values of transferred momenta are very small: for a proton beam with kinetic energy E p = 100 MeV, (Q 2 ) max = 0.2 × 10 −6 GeV 2 . From energy and momentum conservation, one finds the following relation between the angle and the energy of the scattered electron:
where ǫ 2 is the energy of the scattered electron. Eq. (7) shows that cos θ e ≥ 0 (the electron can never be scattered backward). In the inverse kinematics, the available kinematical region is reduced to small values of ǫ 2 :
which is proportional to the electron mass. From momentum conservation, on can find the following relation between the kinetic energy E 2 and the angle θ p of the scattered proton ( Fig. 2 ):
which shows that for one proton angle there may be two values of the proton energy, (and two corresponding values for the recoil-electron energy and angle-, and for the transferred momentum Q 2 ). The two solutions coincide when the angle between the initial and final hadron takes its maximum value, which is determined by the ratio of the electron and scattered hadron masses, sin θ h,max = m/M = 0.544 · 10 −3 . Hadrons are scattered from atomic electrons at very small angles, and the larger is the hadron mass, the smaller is the available angular range for the scattered hadron. The difference between the scattered proton kinetic energy and the beam kinetic energy is shown as function of the proton scattering angle in Fig. 2 . The proton kinematics is very close to the beam, which makes the detection very challenging. However a magnetic system with momentum resolution of the order of 10 −4 can provide at least the measurement of the energy of the scattered proton. This would allow a coincidence measurement which may help in reducing the possible background.
While the proton is emitted in a narrow cone, the electron is scattered up to 90
• . The energy dependence as function of the cosine of the angle for the recoil electron is shown in Fig. 3 .
In Ref. [5] it was shown that polarization observables are very small at small energy, making very difficult their measurement. Therefore, the application of the polarization method [12] to inverse kinematics seems very challenging at low energy. Nevertheless, the ratio of G E /G M can be derived from the ratio of two correlation coefficients, for example C tl /C tt . Having a proton beam and an electron target both polarized in the direction normal to the scattering plane, gives access to the product of G E and G M , once the unpolarized cross section is known: The differential cross section as a function of cos θ e is shown in Fig. 4 in the angular range 10
• ≤ θ e ≤ 80 • . It is large when the electron angle is close to 90
• and monotonically decreasing. The cross section, integrated in this angular range, is 25 × 10 4 mb. Assuming a luminosity L = 10 32 cm −2 s −1 with an ideal detector with an efficiency of 100%, a number of ≃ 25 × 10 9 events can be collected in one second. Therefore, the reaction (3) allows to reach very small momenta with huge cross sec-tion. The very specific kinematics, however, makes the experimental measurement very challenging. One possibility is to detect the correlation between angle and energy of the recoil electron. The detection of the energy of the scattered proton in coincidence is feasible, in principle, with a magnetic system.
In conclusions, a general characteristic of all reactions of elastic and inelastic hadron scattering by atomic electrons (which can be considered at rest) is the small value of the transfer momentum squared, even for relatively large energies of colliding hadrons. We illustrated the accessible kinematical Q 2 range and shown that one could improve by four order of magnitudes the lower limit at which elastic experiments have been done. In such kinematical conditions, the contribution to the cross section comes almost fully from the electric form factors. This allows a precise measurement of the proton radius, decreasing the errors due to the extrapolation to Q 2 → 0. However, one has to face the experimental problem of selecting elastic events, as the protons are emitted in a very narrow cone around the beam direction, with energy close to the beam one. Concrete examples of setup and realistic simulations will be object of a forthcoming paper.
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